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Introduction
This work is in direct relation to the LNE project whose objective is to develop a new ultra-high precision geometric led LNE to design an ultra-high accuracy machine described in [1] on which the present work is based. This targeted level of uncertainty is a real challenge in dimensional metrology in comparison with the current best uncertainties reported in the BIPM's Key Comparison Database (KCDB) [2] . The NMIs' (National Metrology Institutes) uncertainty values published in the KCDB are obtained using modified conventional machines [3] [4] [5] [6] . The performance of these machines is limited mainly by the quality and stability of the guiding systems as well as the mechanical stability of the supporting structure. To improve the measurement, it is essential to identify the motion error of the mechanical guiding elements by applying some standard methods such as the reversal, multi-step and multi-probe error separation methods. These methods allow separation of form error and motion error.
To achieve the targeted levels of uncertainty, the new device has a dissociated metrology technique (DMT)-based architecture as defined in [7, 8] and applied in many machines developed by LNE [9] [10] [11] . The performance of the equipment is only limited by the performance of the probe sensors and the stability of the reference elements.
In this paper, we will briefly analyze the sources of inherent error in conventional and industrial machines for cylindricity measurement, as well as the limits of error compensation on these machines. The mathematical development of both standard and modified multi-step methods will be introduced. A numerical comparison between these two methods will be presented and discussed. The modified reversal method will also be detailed here. Based on this approach, we will be able to justify the evolution from a conventional architecture to an architecture integrating the DMT technique.
Conventional equipment for cylindricity measurement

Analysis of conventional equipment
On conventional machines, measurement is carried out through the comparison of the form of the artifact with high quality motion. The roundness of an artifact is measured by subjecting it to a high quality rotation and by monitoring its surface with a fixed probe. Based on the definition of the 'metrology loop', which is a reference frame for displacement measurement, independent of the instrument base [12, 13] , conventional machines typically have a serial metrology loop, representing a conceptual line going through all solids, joints and probes. Serial structures are made of a succession of solids joined by linkages defining the degree of freedom of each solid. Any uncontrolled dimensional modification has an impact on the final uncertainty.
Dimensional changes of the metrology loop are divided into two categories. The first one consists of the correctable and repeatable errors such as errors in metrological scale and encoding systems, movement errors caused by the guide surfaces' form and roughness errors, errors of relative position between movements and errors caused by elastic deformation of components and guides under the effect of stresses. These errors may be identified by previous characterization experiments: testing stabilities, measuring arm deformations by using a strain gauge and applying standard error separation methods. The second category consists of the uncorrectable modifications of the metrology loop, which are mainly caused by non-repeatable (random) errors of guiding systems (commonly referred to as asynchronous (random) motion errors [13] ), differential thermal expansions, vibrations and wear. These errors cannot be compensated by using the abovementioned methods.
An example of a conventional and industrial geometry measurement machine is presented in figure 1 . Figure 2 describes the kinematic scheme of this machine and illustrates the metrology loop which reflects the metrological performance of the machine. Analysis of the metrology loop clearly shows that the quality of the assessment strongly depends on the quality and stability of motion (air bearing spindle and aerostatic linear guiding system), the stability of the instrument base and the performance of the probe.
Standard error separation methods
These methods are usually used to qualify, analyze and calibrate a measurement instrument. The recorded dataset combines errors due to the synchronous and asynchronous motion errors (systematic and random motion errors) of the spindle and the linear guiding system and errors due to the out-of-roundness/straightness of an artifact, which cannot be ignored. Three methods can be introduced: Application of the multi-step method implies carrying out N measurements of the spindle with N angularly spaced steps. The application of this method allows us to separate the part form error from the spindle motion error.
• Reversals: this method requires only two measurements. Both the artifact and the probe must be moved between measurements [13] [14] [15] [16] .
• Multi-probe method: this method uses at least three probes to simultaneously measure error components. In this case, neither the probes nor the artifact are moved, but all must be properly arranged to measure the same track on the artifact [13, [16] [17] [18] [19] [20] .
• Multi-step method: this method requires many measurements for each spindle error component. Here we do not move the probe, but instead we rotate the artifact by equally-spaced angular increments [13, 16, 21, 22] .
Standard multi-step error separation method: roundness
The multi-step method is a classical error separation technique in which the artifact is indexed in angularly spaced increments without moving the probe. Figures 3 and 4 show a diagram of the multi-step method in which measurements are made for each angular position and the artifact is indexed N angular increments of φ k (k = 1, . . . , N, and φ 1 = 0) relative to the spindle. A single fixed probe measures the form variation at the same orientation angle for all angular increments of the artifact. Thus, each measurement m φ i (θ ) contains only the shifted spindle synchronous radial error motion S φ (θ ) and the part form error P φ (θ ). With this method we assume that the response of the probe is perfect and does not contain noise or linearity error or any other kind of defect. We also assume that the spindle and the linear guiding systems do not contain any asynchronous motion errors. Based on figure 3 and on the previous assumptions, each of the recorded measurements can be written in the form of equations (1)- (3), which reflect the combined contribution of the synchronous radial motion error of the spindle and the artifact form error. For N recorded measurement results, summing and solving equations for the radial motion error of the spindle gives equation (4) . The form error of the artifact can be expressed as a Fourier series (equation (5)).
Averaging measurement results separates the motion error of the spindle from the artifact form error, except at frequencies that are harmonics of the number of angular steps (v) (equation (6)). For the ultra-high precision air bearing spindle, the synchronous radial motion errors are sub-micrometric. Thus, the artifact errors occurring at these higher harmonics and spindle errors can be approximated by the simple model in equation (7). Calculation of the spindle synchronous radial motion error requires taking an individual trace and subtracting the artifact error, leading to equation (8) .
Roundness simulation: multi-step method
Numerical simulation of the previously described method corresponds to the separation between the simulated rotational motion error and the simulated form error (roundness). The simulated spindle signal contains synchronous and asynchronous errors. The amplitudes of the synchronous error motion vary between 2 and 25 nm with less than 31 undulations per revolution (upr). The asynchronous spindle motion error is generated by MATLAB and corresponds to a white noise signal with maximum amplitude of 25 nm. The simulated part form error contains harmonic errors with amplitude variations between 0.1 and 0.9 μm and less than 37 upr. Thirty-three indexed angular equally-spaced steps are considered. All errors are introduced to the example and the algorithm is applied to separate part form error and spindle radial motion error. For this simulation, angular positioning errors are ignored because there are methods allowing identification of this kind of error which are well presented in [21, 22] . Simulated and recalculated results are presented in figures 4(a)-(d) and show that residuals between both simulated and recalculated part form and motion errors are always high.
Mathematically, the synchronous motion error is made up of harmonics that occur at integer multiples of the rotational frequency of the spindle. Conversely, the asynchronous motion error is the portion that does not occur at integer multiples of the rotational frequency. Based on this remark, applying the discrete Fourier transformation (DFT) to the recalculated motion error signal (figure 5(c)) allows us to separate the synchronous motion error from a portion of the asynchronous motion error. The remaining asynchronous motion error is combined with the portion of the signal involving form error. As a consequence, it is always necessary to apply the DFT to the recalculated part form error in order to remove the remaining asynchronous motion error [13, 16] . To avoid applying the DFT twice, it is possible to apply the DFT to the combined signal m φ i (θ ) and therefore obtain a signal which only contains the part form error and the synchronous motion error. It is also important to remove the fundamental component that is related to the misalignment of the artifact. All these remarks mean that the employed technique is not really functional for measurements with accuracy at the nanometer level.
Architecture of the new geometric measuring machine
Basic concept of the machine
The concept of the machine is based on the DMT principle which consists in dissociating the metrology structure from the supporting structure. This allows components of the metrology structure to be employed only for measuring and probing purposes. Application of this principle makes it possible to avoid deformations of the metrology loop caused by unpredictable loads. The metrological structure only has to bear its own weight. Linkages between components of the metrology loop are ensured by probes, which are much better than mechanical joints. The redundancy of the information obtained through an increase in the number of probes improves the quality and reliability of measurements, and is even a permanent means of auto-verification. Another advantage when applying the dissociated metrological principle is the reduction of the effect of environmental disturbances, especially thermal disturbances, since it is usually possible to design a symmetrical machine equipped with many probing elements.
The philosophy of the machine under development is close to that of the PTB (NMI of Germany) machine [4] , which is especially used for measuring diameters. The architecture of the machine is based on the comparison of two surfaces: a reference cylinder and a cylindrical artifact, which gets rid of the quality of motion of the mechanical guiding elements (spindle and linear guiding systems). The test cylinder is located inside the hollow reference cylinder. Eight or more contact-less probes (capacitance sensors [13, [23] [24] [25] ) sense the reference cylinder, and up to four probes sense the artifact. The concept of the machine is completely symmetric and perfectly respects the Abbe principle. The metrology loop goes only through reference and probing elements. As a consequence, measurements are never influenced by the quality of motion of mechanical guiding elements and are only affected by the performance of sensing elements as well as by the stability of reference elements ( figure 6 ). Calibration of all probes of the machine is automatic and carried out in situ over a 90 μm travel range by using the nanometric piezoelectric actuators. Calibration of the proposed machine is based on the use of a modified multi-step form error separation technique allowing separation between the form errors of both the reference cylinder and cylindrical artifact. This operation is time consuming, that is why it is performed using an entirely automated indexer. More details concerning the operation, architecture and design of the new geometric measuring machine can be found in [26] [27] [28] .
Modified multi-step error separation method: roundness
Calibration of the ultra-high precision machine corresponds to the calibration of the entire two dimensional (2D) reference cylinder, as shown in figure 6 . To this purpose, the modified multi-step error separation method is applied at many different heights by performing N angular spaced shifts between the two surfaces (reference cylinder and artifact). Each dataset delivered by the probe combines both the form error and the motion error. The final measurement, which corresponds to the difference between the two datasets and is given by both the measuring and reference probes, gives the deviation between the two functions of roundness form of the two surfaces. Consider the example presented in figure 7 in which only two probes are taken into account: for roundness measurement, the probe sensing the reference cylinder gives an indication m R φ k (θ ) which is a mix between the reference cylinder form error P R φ k (θ ) and the spindle motion error (equation (9) Figure 7 . Schematic description of the modified multi-step separation method: case device with only two probes. To apply this method, N measurements should be carried out in which the spindle is indexed in angularly spaced increments without moving the probe or the artifact. The colors red, blue, green and violet correspond respectively to the spindle motion error, the part form error, the signal given by the probe R and the signal given by the probe T. not take into account the synchronous and the asynchronous spindle motion errors (equations (10) and (11)):
By solving the problem, we obtain the part form error P T (θ ) and the reference cylinder form error P R (θ ), which are expressed in equations (12) and (13):
(13) The limitation of this method is that an error with a periodicity of N periods per turn cannot be detected. This problem could be avoided by making the measurement twice: once with N angular spacing shifts, and a second time with P angular spacing shifts, N and P being two coprime integers (for example N = 41 and P = 47). The modified multi-step method is sensible to the resolution and the performance of both the reference probes and the measuring probes, which have to be similar in order to remove all errors caused by the motion defaults.
Roundness simulation: modified multi-step method
The modified multi-step error separation method is applied in order to dissociate the simulated part and reference form errors. To achieve this, we need to simulate two form errors m (10)- (13) is applied and the obtained residuals between the simulated and recalculated part and the reference cylinder form errors are presented in figure 8(d) . We observe that both residuals are within the order of 10 −13 , which corresponds to the resolution of Matlab software. These results confirm that the modified multi-step method gets rid of the synchronous and asynchronous motion errors. Based on this last remark, application of the dissociated metrological structure principle makes it possible to equip the new ultra-high precision device with low-cost mechanical guiding elements.
As mentioned before, the modified multi-step method is mainly influenced by the performance of the probes, especially the nonlinear residual error. This error corresponds to deviation of the dataset from the linear or quadratic model. This is achieved by subtracting the linear or quadratic approximation from the actual data, leaving only the nonlinear component of data points [23, 24] .
In order to understand the impact of this parameter on results, a second simulation is run with many levels of nonlinear residual error of the probes E φ k (θ ), ranging between 1 and 10 nm. Similarly, the same maximal nonlinear residual error amplitude is considered for both the reference and the measuring probes, but their distribution (as a white noise) is different (equation (14)):
The obtained results are presented in figures 9(a)-(c) and reveal that residuals, which are similar for both the part and the reference cylinder, increase from zero when nonlinear residual errors are considered negligible, to 50 nm when the amplitude of the nonlinear residual error is close to 10 nm. Approximation of the observed residual amplitudes according to nonlinear residual errors shown in figure 10 presents a parabolic tendency. However, residual Reference cylinder Figure 11 . Schematic description of the modified reversal separation method. S T1 and S R1 represent the designations of respectively measuring part probe and reference probe. To perform this technique, two straightness measurements should be carried out. The first straightness measurement must be carried out for angular position 0 and the two probes must be in the same corner and direction. The second measurement must be carried out for angular position π . For this configuration, both the reference probe and reference cylinder are shifted by the angle of π . The direction of the two probes becomes opposite. To perform this method, the metrological structure should ensure two degrees of freedom (z-translation and z-rotation). The z-rotation of the metrological structure can cause additional positioning errors and this solution should be avoided.
values can be reduced and the targeted accuracy can be attained if the spatial redundancy principle is applied, as shown in figure 6 . Both form errors are made up of harmonics occurring at integer multiples of the rotational frequency of the spindle. The nonlinear residual error is the fraction not occurring at integer multiples of the rotational frequency. Based on these remarks, the application of the DFT to the mixed signal
(θ ) allows separation of the form error from the nonlinear residual error.
Modified reversal method: identification of straightness
The standard reversal method is well detailed in [14, 15] and allows separation of straightness and motion error. Hence, this section is focused only on the modified reversal method allowing separation of the artifact and reference cylinder form errors.
Considering the case presented in figure 11 ,
As φ (z) represent respectively the measurement given by the measuring probe, the measurement given by the reference probe, the generator straightness of the artifact, the generator straightness of the reference cylinder, the synchronous motion error of the vertical linear guiding system and the asynchronous motion error of the same vertical linear guiding system. z represents the z-axis and φ represents the angular position.
Each measurement mingles form error of straightness and both synchronous and asynchronous motion errors of the vertical linear guiding system. To obtain the generator straightness, we need two different measurements at angular positions 0 and π , as shown in figure 11 . For position 0, formulations are presented in equation (15):
The next step is shifting both the reference probe and reference cylinder, which are associated with the spindle, by an angular increment of π . The angular position of the test standard remains unchanged. Formulations linked to this second position are presented in equation (16):
The difference and the sum of the information given by the reference and measuring probes for the first and second angular positions provide respectively two signals (
and (T +R) φ(0) ), which are independent of the motion error and can only be influenced by the nonlinear residual error of the probes (equation (17)):
The linear combination of the last two signals allows finding the generator straightness of the part and the reference cylinder (equation (18)):
In order to apply the modified reversal method, the metrological structure should ensure two degrees of freedom: one translation along the z-axis and one rotation around the same z-axis. Unfortunately, this is very complex to create and can introduce additional positioning error. As a solution, it is easier and cheaper to add opposite probes as shown in figure 12 . For angular positions 0 and π , each probe gives information respectively as described in equations (19) and (20) . With the second configuration, the metrological structure should ensure only one degree of freedom (translation along the z-axis). Linear combination of the formulations as shown in equation (21) never depends on the motion errors and allows obtaining four generator straightness results out of two measurements (equation (22)). To obtain several generator straightness, this method should be applied several times with different angular positions between 0 and π. 
Conclusion
This paper introduces the standard multi-step separation method, which is used to separate the synchronous (systematic) spindle motion error and the artifact form error. To obtain complete measurements with accuracy at the nanometer level, the spindle should present the ultra-high class of motion, which is extremely expensive. The modified multi-step separation method developed in this paper is in direct relation to our current development of a new ultra-high precision machine based on the concept of dissociated metrological structure. The mathematical formulations presented reveal that the modified multi-step method is never influenced by the quality of motion (synchronous (systematic) and asynchronous (random) motion errors) of mechanical guiding elements, but is only limited by the performance of the probes used and the stability of reference elements (cylinder).
A numerical simulation of both standard and modified multi-step methods is completed and confirms the previous remarks. Comparison of the two methods confirms that the second method is more adapted for measurement with ultrahigh level of uncertainty (a few nanometers). However, for roundness measurement the reversal method is not developed here because it is a particular case of the multi-step method.
Finally the mathematical formulations are also developed in order to determine the generator straightness by using the reversal separation error method. The mathematical formulations show clearly that the operation of the new device is never affected by the motion errors.
